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Thermal conductivity of single layer black phosphorus (BP) is investigated by combining density
functional calculations and Peierls-Boltzmann transport equation. Differing from isotropic and
divergent thermal conductivities in two-dimensional graphene and MoS2, an compelling co-existence
of size-dependent and size-independent thermal conductivities are discovered for single layer BP
along zigzag (ZZ) and armchair (AM) direction, respectively. Besides, thermal conductivities in
single layer BP are found to be highly anisotropic because of orientation dependent group velocities,
e.g., thermal conductivities at 300 K are 83.5 and 24.3 W/m-K along ZZ and AM directions for
single layer BP with a size of 10 µm, respectively.
I. INTRODUCTION
Graphene, the thinnest two-dimensional (2D) material, has attracted enormous interest since its first exfoliation[1]
due to extraordinary mechanical, physical and chemical properties, such as peculiar band structure, extremely high
carrier mobility, and giant thermal conductivity[2]. These exceptional properties render graphene a promising material
for nanoelectronics. Unfortunately, the lack of band gap limits its application in semiconducting devices. Although
there are many ways to open a sizable band gap in graphene[3], the band gap opening is accompanied by greatly
reduced carrier mobility as compared to pristine graphene [4]. The great success achieved in synthesizing graphene
as well as its fantastic and diverse properties have motivated both experimentalists and theoreticians to explore other
alternatives of 2D materials[1, 5] to overcome the weakness of graphene. Among them, MoS2, exhibiting a large band
gap, has received much attention. Field effect transistor based on MoS2 demonstrates a giant on-off current ratio, i.e.
> 108, and near-idea subthreahold swing (50-70 meV/dec)[6]. However, carrier mobility in single layer MoS2 is much
smaller than that in graphene. The initially measured carrier mobility is as low as 0.5-3 cm2V −1s−1.[7] By improving
fabrication condictions, it could be enhanced to around 200-400 cm2V −1s−1[6, 8].
Very recently, experimentalists successfully obtained another emergent 2D material, single and few layer black
phosphorus (BP)[9, 10]. BP, the most stable allotrope of phosphorus at ambient condition, is a layered material with
a direct band gap of 0.3 eV for bulk[11]. The band gap, however, gradually increases with the decreasing number
of layers in few layer BP films. Several groups have demonstrated the high performance of BP based field effect
transistor[9, 10]. For example, Li et al.[9] identified that the 10 nm thick few layer BP exhibits a highest carrier
mobility, ∼ 1000 cm2V −1s−1. The on-off current ratio in BP based field effect transistor is as high as 105.[9, 10]
Moreover, the electronic transport properties in few layer BP are found to be orientation dependent[10, 12]. More
precisely, carrier mobility, electronic and optical conductivity along armchair (AM) direction are larger than those
along zigzag (ZZ) direction[12]. The sizable and tunable band gap, high carrier mobility, and large on-off current
ratio make single and few layer BP ideal in a variety of applications in nanoelectronics and optoelectronics. However,
the heat management has been becoming a critical challenge for electronic devices due to the quick increase of
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2FIG. 1: Top and side view of single layer BP. Red arrows represent lattice vectors of primitive cell along ZZ and AM directions.
Heavy and light colors denote phosphorus atoms in different plane.
power density. To facilitate heat dissipation, the materials employed in device fabrication must have a good thermal
conductivity. Moreover, several groups predicted that monolayer BP might be a potential candidate for thermoelectric
devices[13, 14]. All these potential applications of single layer BP rely on the well understanding on its thermal
transport properties, which is still very lacking.
On the other hand, the thermal conductivity demonstrates anomalously length-dependent behaviour for low-
dimensional systems, differing from size-independent thermal conductivity predicted by Fourier’s law for three-
dimensional materials. Theoretical study rigorously proved that the thermal conductivity in 1D Fermi-Pasta-Ulam
lattice should follow a power law dependence on the length[15]. Furthermore, many molecular dynamics simulations
revealed that the thermal conductivities of one-dimensional carbon nanotubes[16–18] and Si nanowires[19] obey a
power law dependence on their length. As for 2D materials, the non-equilibrium MD simulation found a logarithmi-
cally divergent thermal conductivity for the 2D nonlinear lattice system[20]. Moreover, Lindsay and co-workers[21]
theoretically found that the thermal conductivity in graphene is length (L) dependent. Nika et al.[22] further pre-
dicted that the thermal conductivity of graphene should exhibit a logarithmically divergent with respect to the length
when L < 30µm, which has been experimentally verified by Xu et al[23]. Furthermore, the theoretical study on
single layer MoS2[24] also reveals a length-dependent thermal conductivity similar to the graphene case[21–23]. So it
would be interesting to examine whether the thermal conductivity of single layer BP would diverge with its length
or not. In this study, the lattice dynamic properties and thermal conductivity of monolayer BP are investigated
by using first principle method and Peierls-Boltzmann transport equation (PBTE). The understanding of thermal
transport properties in monolayer BP would also be useful in engineering its thermal conductivity for thermoelectric
applications.
II. METHOD
First principle calculations are carried out by using the Vienna Ab initio simulation package[25] (VASP). The
exchange and correlation interactions between electrons are described by Perdew, Burke, and Ernzerhof (PBE)
functional[26]. The projector augmented wave pseudopotential[27] is adopted to model the interaction between elec-
trons and ions. The energy cutoff is chosen to be 400 eV for the expansion of wavefunction by plane wave basis sets.
The structure of single layer BP is fully relaxed with a k-point mesh of 25×25×1. The vertical distance between BP
layers is fixed to be 20 A˚ , which is large enough to make the suspicious interaction between layers negligible. These
combined parameters could make the variance of total energy less than 5 meV/atom. The optimal lattice constants
are found to be 3.30 and 4.60 A˚ along ZZ and AM direction, respectively (see Fig. 1). These values are in good
agreement with previous theoretical predictions [28].
Thermal conductivity of single layer BP is calculated by using PBTE with relaxation time approximation as
3implemented in ShengBTE[29, 30], in which thermal conductivity is given by
κα =
1
NqV
∑
q,j
Cq,jv
2
q,j,ατq,j , (1)
where Nq, and V are total number of q-points sampling Brillouin zone and the volume of primitive cell of single
layer BP. In computing V, the thickness of single layer BP is chosen to be half of experimental lattice constants for
bulk BP[31], namely, 5.239 A˚. Cq,j , vq,j,α and τq,j are specific heat, group velocity along transport direction α, and
relaxation time of the phonon mode with wavevector q and polarization j. The expression of relaxation time (τq,j)
can be found in Ref. [29]. The calculations of Cq,j , vq,j,α and τq,j require second and third order force constants (FCs)
as inputs. Both second and third order FCs are extracted from density functional theory computations by using finite
displacement method[29, 32]. The second (third) order FCs are determined from a 5×5×1 (4×3×1) supercells with
a 2×2×1 (4×4×1) Monkhorst-Pack k-point mesh, respectively. The interaction range of third order FCs is truncated
up to 4.4 A˚.
III. RESULTS AND DISCUSSION
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FIG. 2: Phonon dispersion of single layer BP.
Figure 2 shows the phonon dispersion of single layer BP along high symmetrical path of Brillouin zone. The phonon
dispersion calculated from first principle is consistent with that obtain from empirical interatomic potential[33]. Similar
to graphene, the frequency of out-of-plane acoustic phonon (ZA) exhibits a quadratic dependence on the wavevector
as approaching Brillouin zone center, which is a characteristic property of layered materials[34]. Based on macroscopic
elastic theory of thin plates, the frequency of ZA mode is of the following form[35]
ω2(q) = A|q|4 +B|q|2. (2)
The fitting parameter A is given by t/ρ2D, where t and ρ2D are bending rigidity and 2D mass density of single layer
BP. According to this equation, the bending rigidity along AM direction is around 1.9 eV, which is slightly larger than
that of graphene[36]; while that along ZZ is estimated to be 6.7 eV. The large bending rigidity along ZZ direction
results from its corrugated structure extending along ZZ direction. The group velocities of LA modes along ZZ and
AM direction are 8.6 and 4.5 km/s, respectively, which are close to experimental values for bulk BP[37], i.e. 9.6 and
4.6 km/s along ZZ and AM direction respectively.
As mentioned in the section of introduction, the 2D systems, e.g., nonlinear 2D lattice[20], graphene[22, 23] and
and MoS2[24], usually show a length dependent thermal conductivity, which is due to the relaxation times of acoustic
phonon modes quickly blow up as approaching the Γ point of Brillouin zone[38]. The calculated thermal conductivities
along both ZZ and AM directions at 300 K are plotted in Fig. 3a. Along AM direction, the thermal conductivity, κAM ,
is almost a constant (24.3 W/m-K) with respect to the q-mesh size increases. However, the thermal conductivity along
ZZ direction (κZZ) steadily increases with the increasing number of q-points. To further understand the dependence
4of κZZ on the size of q-mesh, we plot the contribution of ZA, TA, LA, and optical phonon modes to the thermal
conductivity along ZZ direction in Fig. 3b. The thermal conductivities contributed by ZA, LA, and all optical
phonons do not change with the increasing size of q-mesh. The divergent κZZ is mainly due to the contribution from
TA phonons (κTA).
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FIG. 3: Thermal conductivity (κ) as a function of (a) the size of q-point mesh (N×N×1) and (b) Thermal conductivity along
ZZ direction contributed from ZA, TA, LA, and optical phonon branches as a function of N.
For 2D material, the thermal conductivity contributed from the vicinity of Brillouin zone center, assuming an
isotropic phonon dispersion, can be simply approximated as
κ ∼
∑
j
∫
q
∫
θ
C(vcosθ)2τqdqdθ ∼
∑
j
∫
q
Cv2τqdq. (3)
Since the frequencies of ZA modes show a quadratic dependence on wavevector q, namely, ωZA ∼ q2. So their
group velocities vZA ∼ q. However, the frequencies linearly scale with wavevector for both TA and LA modes, i.e.
ωTA/LA ∼ q. As a consequence, the group velocities of low-frequency TA/LA modes would be constants, namely,
vTA/LA ∼ q0. While the relaxation times of low-frequency acoustic phonon modes generally follow a power law
dependence on frequency(see Fig. 4), namely, τ ∼ ω−n. Moreover, C approaches to a constant as ω → 0. Therefore,
the integrand in Eq. 3 for ZA modes should scales as
κZA ∼
∫
q
q0q2 · ω−nZA · qdq ∼
∫
q
q3−2ndq (4)
But for TA and LA phonon modes, the integrand would scales as
κTA/LA ∼
∫
q
q0q0 · ω−nTA/LA · qdq ∼
∫
q
q1−ndq (5)
Therefore, the integrals for all three acoustic branches will diverge if and only if n ≥ 2. However, the exponent n is
orientation dependent due to the relatively low symmetry of single layer BP. We plot the exponent n as a function
of the orientation of wavevector q approaching Brillouin zone center in Fig. 5, in which the angle of 0 means ZZ
(Γ − Y ) direction and 90◦ AM (Γ − X) direction in reciprocal space. It is evident that n for ZA and LA phonon
modes are all smaller than 2. Therefore, the thermal conductivity contributed from ZA and LA phonon branches
should converge with respect the number of q-points as shown in Fig. 3b. But the exponent for TA phonon modes
are very close or equal to 2, especially for the orientation of wavevector q distributed around ZZ direction. This is the
reason why the κTA along ZZ direction will diverge with the size of q-mesh increases. But the group velocities along
AM direction are close to 0 for those TA phonon modes. So even though the relaxation times of those phonon modes
quadratically depend on their frequencies, their contribution to the κAM is limited. More importantly, most phonon
modes with an orientation of wavevector close to AM direction are smaller than 2 except for the wavevector exactly
along AM direction. Thus, the κTA along AM direction does not diverge with the increasing number of q-points
sampling Brillouin zone. Intuitively, the corrugated structure periodically stacking along AM direction will inhibit
the phonon transport along AM direction.
Considering the fact that the BP employed in experimental measurements and device fabrications are of finite
size, e.g. a few micrometers[9, 10], it is important to take phonon-boundary scattering into account when estimating
5thermal conductivity of finite BP flake. The phonon boundary scattering rate is empirically estimated by
τ−1B (q, j) =
2|vα(q, j)|
L
, (6)
where L represents the size of sample; vα is group velocity component along heat transport direction. Then, the
phonon relaxation time (τ) is calculated as τ−1 = τ−1Anh+τ
−1
B , where τAnh is phonon relaxation time due to anharmonic
phonon-phonon interaction. We plot the thermal conductivities as a function of size in Figure 6a. As clearly seen
from Figure 6a, the size strongly affects the thermal conductivity. For example, at a size of 50 nm, the thermal
conductivities decrease by more than 50% for AM directions. So it might be an efficient way to lower thermal
conductivity by patterning BP into a nanoribbon to incorporate phonon-boundary scattering. If we further roughen
the edges of BP nanoribbon, we may achieve much low thermal conductivities which would facilitate its application
in thermoelectric devices. On the other hand, the thermal conductivity along ZZ direction is about 70 W/m-K at a
length of several micrometer which is a typical size of field effect transistor[9, 10]. This value is slightly larger than
that of bulk germanium (about 60 W/m-K[39]), which implies that the thermal transport property of single layer
BP is not a constraint for its application as semiconductor devices because the accumulated heat can be efficiently
dissipated along ZZ direction.
Figure 6b illustrates thermal conductivity as a function of temperature in the range of 100 to 1000 K for single layer
BP with a size of 10 µm. The thermal conductivities drop steadily with the increasing temperature and obey a power
law dependence on temperature with an exponent of -1 for both ZZ and AM directions at high temperature, namely,
κ ∼ T−1. This temperature dependence is consistent with Eucken’s law[41, 42], which is due to that the scattering rate
of dominant Umklapp process at high temperature is proportional to temperature[43]. The thermal conductivities from
our theoretical calculations show a similar trend as experimental measurements on bulk BP[40]. But our theoretical
values are larger than bulk ones, which might due to two factors. Firstly, the interlayer van deer Waals interaction,
absent in single layer BP, might reduce the thermal conductivity of bulk BP. For example, the thermal conductivity
in few layer graphene quickly drops with increasing number of layers. Secondly, the experimentally measured sample
may contain some extrinsic defects, e.g. vacancy defects, substitutional defects, and intercalated atoms. These defects
would greatly reduce the thermal conductivity.
Another important feature shown in Figure 3a is the anisotropy in thermal conductivities. Specifically speaking, the
thermal conductivity along ZZ direction is much larger than that along AM direction. For example, the former along
ZZ direction is about three times larger than the latter at 300 K. To understand the orientation dependent thermal
conductivity in single layer BP, we calculate frequency resolved thermal conductivities (κ(ω)) and plot them in Figure
7a. It is evident that the major difference between thermal conductivities along ZZ and AM directions comes from the
low-frequency part (< 4 THz). This is because the group velocities along AM direction are much smaller than those
along ZZ direction within this frequency range (see Fig. 7b). More interestingly, experimental measurements[12] and
theoretical study[14] both found that the electronic conductivity along AM direction is higher than that along ZZ
direction, which is exactly opposite to the trend observed for thermal conductivity. This might be an advantage for
the thermoelectric applications. Combining the large electronic conductivity and low thermal conductivity along AM
direction, the BP nanoribbons patterned along AM direction might reach relatively high thermoelectric efficiency.
However, the intrinsic thermal conductivity along AM direction of monolayer BP is still larger than expected value
to achieve high ZT for thermoelectric applications[13]. Some other techniques, e.g. strain, defect, and confinement
effect, might be employed to suppress the thermal conductivity further.
IV. CONCLUSION
In conclusion, we have carefully studied the thermal transport properties of single layer BP by first principle method
and PBTE. An intriguing co-existence of size-dependent and size-independent intrinsic thermal conductivities is
obtained for phonons transporting along ZZ and AM direction in single layer BP, respectively, which is quite different
from isotropically divergent thermal conductivity observed in 2D graphene[21–23] and MoS2[24]. This is mainly due
to the phonon relaxation time of low-frequency TA phonon modes almost quadratically depends on frequency for
those phonon modes with an orientation of wavevector close to ZZ direction. Besides, the thermal conductivities in
single layer BP is highly anisotropic. The κZZ is almost three times larger than that κAM at 300 K. The anisotropy
in thermal conductivity originates from orientation dependent group velocities.
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FIG. 4: Dependence of phonon relaxation time on frequency for (a-b) ZA, (c-d) TA, and (e-f) LA phonon. Top and bottom
panels denote the wavevector q approaching Brillouin zone center along ZZ (Γ− Y ) and AM (Γ−X) directions, respectively.
0◦
45◦
90◦
135◦
180◦
225◦
270◦
315◦
0.51.0
1.52.0
(a)
0◦
45◦
90◦
135◦
180◦
225◦
270◦
315◦
0.51.0
1.52.0
(b)
0◦
45◦
90◦
135◦
180◦
225◦
270◦
315◦
0.51.0
1.52.0
(c)
FIG. 5: Scaling exponent of phonon relaxation time (τ) on frequency (ω), n, as a function of the orientation of wavevector
q approaching Brillouin zone center, namely, τ ∼ ω−n. Exponent n for (a) ZA, (b) TA, and (c) LA phonons are plotted in
left, central, and right panels, respectively. The angles of 0 and 90◦ correspond to ZZ (Γ − Y ) and AM (Γ −X) directions in
Brillouin zone, respectively. The solid lines in cyan denote n=2; while magenta solid lines are plotted to guide the eye.
100 101 102 103 104 105
L (nm)
0
20
40
60
80
100
κ
(W
/m
-K
)
(a)
ZZ
AM
102 103
T (K)
101
102
103
κ
(W
/m
-K
)
T−1
(b) ZZ
AM
Exp.
FIG. 6: Thermal conductivity (κ) as a function of length (a) and temperature (b). Open squares in panel b are experimental
thermal conductivities for bulk BP[40].
70
2
4
6
κ
(ω
)(
W
/m
-K
/T
H
z)
(a) ZZ
AM
0 2 4 6 8 10 12 14
Frequency (THz)
0
1
2
3
V
(ω
)(
nm
/p
s)
(b) ZZ
AM
FIG. 7: Omega resolved (a) thermal conductivities (κ(ω)) and (b) average group velocities (V (ω)) along ZZ and AM directions.
V. ACKNOWLEDGEMENTS
This work is supported in part by the Ministry of Education (MOE), Singapore, by Grant MOE2012-T2-1-114. We
thank the computing resources at the A*STAR Computational Resource Centre, Singapore.
[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang, S. V. Dubonos, I. V. Grigorieva, and A. A. Firsov,
Science 306, 666 (2004).
[2] A. C. Neto, F. Guinea, N. Peres, K. S. Novoselov, and A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).
[3] D. Jariwala, A. Srivastava, and P. M. Ajayan, J. Nanosci. Nanotechnol. 11, 6621 (2011).
[4] D. Wei, Y. Liu, Y. Wang, H. Zhang, L. Huang, and G. Yu, Nano Lett. 9, 1752 (2009).
[5] Q. H. Wang, K. Kalantar-Zadeh, A. Kis, J. N. Coleman, and M. S. Strano, Nature Nanotech. 7, 699 (2012).
[6] S. Kim, A. Konar, W.-S. Hwang, J. H. Lee, J. Lee, J. Yang, C. Jung, H. Kim, J.-B. Yoo, J.-Y. Choi, Y. W. Jin, S. Y. Lee,
D. Jena, W. Choi, and K. Kim, Nat. Commun. 3, 1011 (2012).
[7] K. S. Novoselov, D. Jiang, F. Schedin, T. J. Booth, V. V. Khotkevich, S. V. Morozov, and A. K. Geim, Proc. Natl. Acad.
Sci. U.S.A. 102, 10451 (2005).
[8] M. M. Perera, M.-W. Lin, H.-J. Chuang, B. P. Chamlagain, C. Wang, X. Tan, M. M.-C. Cheng, D. Tomnek, and Z. Zhou,
ACS Nano 7, 4449 (2013).
[9] L. Li, Y. Yu, G. J. Ye, Q. Ge, X. Ou, H. Wu, D. Feng, X. H. Chen, and Y. Zhang, Nature Nanotech. 9, 372 (2014).
[10] H. Liu, A. T. Neal, Z. Zhu, Z. Luo, X. Xu, D. Tomnek, and P. D. Ye, ACS Nano 8, 4033 (2014).
[11] R. W. Keyes, Phys. Rev. 92, 580 (1953).
[12] F. Xia, H. Wang, and Y. Jia, arXiv preprint arXiv:1402.0270 (2014).
[13] H. Lv, W. Lu, D. Shao, and Y. Sun, arXiv preprint arXiv:1404.5171 (2014).
[14] R. Fei, A. Faghaninia, R. Soklaski, J.-A. Yan, C. Lo, and L. Yang, arXiv preprint arXiv:1405.2836 (2014).
[15] S. Liu, P. Ha¨nggi, N. Li, J. Ren, and B. Li, Phys. Rev. Lett. 112, 040601 (2014).
[16] G. Zhang and B. Li, J. Chem. Phys. 123, 114714 (2005).
[17] G. Zhang and B. Li, J. Chem. Phys. 123, 014705 (2005).
[18] S. Maruyama, Physica B: Condensed Matter 323, 193 (2002).
[19] N. Yang, G. Zhang, and B. Li, Nano Today 5, 85 (2010).
[20] L. Wang, B. Hu, and B. Li, Phys. Rev. E 86, 040101 (2012).
[21] L. Lindsay, W. Li, J. Carrete, N. Mingo, D. A. Broido, and T. L. Reinecke, Phys. Rev. B 89, 155426 (2014).
[22] D. L. Nika, A. S. Askerov, and A. A. Balandin, Nano Lett. 12, 3238 (2012).
8[23] X. Xu, L. F. C. Pereira, Y. Wang, J. Wu, K. Zhang, X. Zhao, S. Bae, C. Tinh Bui, R. Xie, J. T. L. Thong, B. H. Hong,
K. P. Loh, D. Donadio, B. Li, and B. Ozyilmaz, Nat. Commun. 5, 3689 (2014).
[24] W. Li, J. Carrete, and N. Mingo, Appl. Phys. Lett. 103, 253103 (2013).
[25] G. Kresse and J. Hafner, Phys. Rev. B 47, 558 (1993).
[26] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77, 3865 (1996).
[27] G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999).
[28] J. Qiao, X. Kong, Z.-X. Hu, F. Yang, and W. Ji, Nat. Commun. 5, 4475 (2014).
[29] W. Li, J. Carrete, N. A Katcho, and N. Mingo, Comput. Phys. Commun. 185, 1747 (2014).
[30] W. Li, N. Mingo, L. Lindsay, D. A. Broido, D. A. Stewart, and N. A. Katcho, Phys. Rev. B 85, 195436 (2012).
[31] T. Akai, S. Endo, Y. Akahama, K. Koto, and Y. Marljyama, High Pressure Res. 1, 115 (1989).
[32] W. Li, L. Lindsay, D. Broido, D. A. Stewart, and N. Mingo, Phys. Rev. B 86, 174307 (2012).
[33] C. Kaneta, H. Katayama-Yoshida, and A. Morita, J. Phys. Soc. Jpn. 55, 1213 (1986).
[34] H. Zabel, J. Phys.: Condens. Matter 13, 7679 (2001).
[35] A. Politano, A. R. Marino, D. Campi, D. Faras, R. Miranda, and G. Chiarello, Carbon 50, 4903 (2012).
[36] Y. Wei, B. Wang, J. Wu, R. Yang, and M. L. Dunn, Nano Letters 13, 26 (2013).
[37] Y. Fujii, Y. Akahama, S. Endo, S. Narita, Y. Yamada, and G. Shirane, Solid State Commun. 44, 579 (1982).
[38] N. Bonini, J. Garg, and N. Marzari, Nano Lett. 12, 2673 (2012).
[39] C. J. Glassbrenner and G. A. Slack, Phys. Rev. 134, A1058 (1964).
[40] G. A. Slack, Phys. Rev. 139, A507 (1965).
[41] A. Eucken, Phys. Z. 12, 1101 (1911).
[42] A. Eucken, Phys. Z. 14, 324 (1913).
[43] M. G. Holland, Phys. Rev. 132, 2461 (1963).
